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Abstract— Odd graceful labeling is one of the major evolving research areas in the field of graph labeling. It is defined as for
any graph G with g edges if there is an injection f from V(G) to {0, I, 2, ..., (2¢q-1)} such that, when each edge Xy is assigned the
label |f(x) —f(y)| ,50 that the edge labels are {1, 3, 5, ..., (2¢q-1)} then the graph G is said to be odd graceful. Graph labeling
has a vast range of real life applications which has provided major contributions in the development of new technologies. In
this paper we have investigated and proved that the graph G which is obtained by joining m isomorphic copies of lobster graph

to each vertex of the cycle C,, admits odd graceful labeling.
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l. INTRODUCTION

In Graph theory, graph labeling technique was first
introduced in the mid 90’s. Most of the graph labeling
methods has its origin from graceful labeling which was first
introduced by Rosa[9] in the year 1967 and she called it as
4 - valuation. Later Golomb [4] called this #- valuation as
graceful labeling in 1972. Odd graceful labeling was
introduced by Gananjothi[3] in the year 1991. Assigning
values to the vertices subject to certain conditions is known
as Graph labeling. Gananjothi[3] has proved that the graph
of path P, and cycle C, is odd graceful if and only if n is
even. She has stated a very famous conjecture that All trees
are odd graceful and also proved this for all trees with order
up to 10. In 2009 Barrientos[1] has verified this conjecture
for order up to 12. He also proved that every forest whose
components are caterpillars (a caterpillar is a tree with the
property that the removal of its end points leaves a path) are
odd graceful. In 2010 Moussa[6][7] proved that the graph
Cmn U P, is odd graceful if m is even and provided an
algorithm. . In 2009 Moussa and Badr[8] proved that C,, O
P, is odd graceful if and only if m is even. In 2002 David
Morgan[5] proved that all lobsters (a lobsters is a tree with
the property that the removal of the endpoints leaves a
caterpillar) with perfect matching are odd graceful. In 2012
Zhou, Yao, Chen and Tao[10] proved that every lobster is
odd graceful. For more results on odd graceful labeling, refer
to dynamic survey by Gallian[2].
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Labeling has a vast range of application in communication
network, optimal circuit layouts, cryptography, and traffic
control systems.

In this paper we have proved that the graph obtained by
joining each vertex of the cycle C,, of even order with m
isomorphic copies of lobster admits odd graceful labeling.

Il. RESULTS AND DISCUSSION

In this section we prove that the graph G obtained by
attaching each vertex of the cycle C,, with the m isomorphic

copies of lobster graph is odd graceful where m =0(mod 4).

Theorem:

The graph G obtained by joining each vertex C, with m
copies of lobster graph is odd graceful where m =0(mod 4).
Proof:

Let G be a graph obtained by joining each vertex of cycle Cy,
with the lobster. Let |V(G)|=pand | E(G) | =q.

The vertices in the cycle C,, are denoted as u,", u.?, u, ...,
u," in the clockwise direction. Consider a isomorphic m
copies of lobster and attach it to each vertex of the cycle. The
first copy of the part of the lobster attached to vertex u,* of
cycle C,, is denoted as u;*, u,', ..., u,'. The second copy of
the path of the lobster attached to vertex u,? of cycle Cy, is
denoted as u,%u,% ...,u,” continuing the same process the i
copy of the path of the lobster attached with the vertex u,™ of

cycle Cy, is denoted as u,", u,™, ..., u,"
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The vertices in the first level of lobster attached with the odd
vertices of the path of the cycle u,* are denoted as a,*, a,', ...,
arl, ar+11:ar+21)--~; y Q2r+1 e 613r1 yeeer A[(12)-1]4r+1 1 A[(n/2)-
P42 e A2y Vertlces in the first level of Iobster
attached with the odd vertices of the path of the cycle u,? are
denoted @S  Auayrsr’s Az drers  Anrerels

(n/2)r+r+22’ ey a(n/Z)r+2r2 seees Qpre r+12 Anr- r+22’ ...an - Vertices in
the first level of Iobster attached with the odd vertices of the
path of the cycle u, are denoted as an+s’, Anrz ...
anr+r+1 an|r+r+2 yeees Anr+2r 5 eees Anr+[(n/2)- 1]r+l3 Anr+[(n/2)-1]r+2 » -+
Asnr” Contmumg the same process for the vertices in the
first level of Iobster attached with the odd vertices of the path
of the cycle u,™ are denoted as agm.1yri2+1" agm- 1),,,,2+2 s eees A(m-
a-(mnr/2)

, anr+r y

m m

1)nr/2+r ' a(m Dr/2+r+1 s a(m DNr/2+r+2 5 .-
m

r+1 1a(mnr/2) r+2 5eee amnr/2 .

- A(m- 1)nr/2+2r yoe

The vertices in the first level of lobster attached with the odd
vertices of the path of the cycle u," are denoted as b,*, b,', ...,
br ) br+1 :br+2 ,..., ’ b2r+1l yeees bBr1 yeees b[(n/2)-1]+r+11: b[(n/2)-
1]+r+2 seees Dli2r 1. Vertices in the first level of Iobster
attached with the odd vertices of the path of the cycle u,” are
denoted as b(n/2 r+121 b(n/2 r+22, ceer b(n/2)r+r21 b(n/2)r+r+l ’
b(n/Z)r+r+22y~~-: b(n/2 r+2r2’--~; bor- r+l , nr—r+2 reoo, bpr 2 . Vertices in
the first level of lobster attached with the odd vertices of the
path of the cycle u,® are denoted as bursr®, Dorsz® ... Drrars
bnr+r+131 bnr+r+23,--~; bnr+2r3 PR bnr+[(n/2)—1]r+13: bnr+[(n/2)—1]r+2::;,---;
[ Continuing the same process for the vertices in the
first level of lobster attached with the odd vertices of the path
of the cycle u," are denoted as b(m i+t D 1)n,,2+2 e Do
b(m 1)nr/2+2r yeees

1)nr/2+r ’ b(m 1)nr/2+r+1 ’ b(m 1)nr/2+r+2 yeee b(mnr/2)-
m

r+1 » D(mnr/2)-r+2 .- amnr/2 .

The vertices in the second level of lobster attached with the
odd vertices of the path u," is denoted as a;, a%..., a5,
as+12, a5+22,..., azsz, a25+12,..., 61332,..., An-1)s+1 s+» A 15, A
rt 1 ey A orse ) Borse1s -, dare and so on the last vertex of
the level two in this path will be a(n,z)rsz. Vertices in the
second level of lobster attached with the odd vertices of the
path Up- zm is denoted aS a[(n/z)r5]+1 , a[(n/zgrs].;.z e a[(n/z)r52‘|+32,
a[(n/2)rs]+s+21 ) a[(n/2)rs]+2 e a[(n/2)rs]+2s Y A[n/2)rs]+2s+1 sy
a[n/2)rs]+3s vy a[(n/2)rs]+rs b A[(ni2)rs]+rs+1 s -+ A[(n/2)rs]+2rs
Bp(2yrs]ars+1 s s A[2rs]+3rs and so on the last vertex of the
level two in this path will be Anrs. The last vertex in the level
two of the next path will be a3(n/2)r5 . Continuing the same
way the last vertex in the second level of lobster attached
with the odd vertices of the path will be am(n,z)rsz.

The vertex in the level 2 attached with the odd vertex of the
path u,,™ is denoted as b,%, b ..., bS , bri?, beid? .. sz ,
b25+12’--~; b352’--~; b(n—l)s+12’--~; b rsZ- brs+l 3o b2rsz ) b2rs+1 EREEY)
bas’ and so on the last vertex of the IeveI two in this path
will be by n,z)rs . The vertex in the level 2 attached with the
even vertex of the path Ung" is denoted as b[(n,z)rsgﬂ ,

b[(n/2 rs]+2 b[ n/2)rs]+s ) b[(n/2)rs]+s+12: [(n/2)rs]+2 »
[(n/2)rs]+23 :2 [(n/2)rs]+25+1 2 b[(n/2)rs]+35 yeees b[(n/2)rs]+rs ’
[(n/2)rs]+rs+1 5 -«» b[(n/2)rs]+2rs ' [(n/2)rs]+2rs+l b[(n/Z)rs]+3rs and
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so on the last vertex of the level two in this path will be by,
The last vertex in the level two of the next path will be
bg(n/z)rs Continuing the same way the last vertex in the level
2 in the last path will be bm(n,z)rs .

Here, N = (the number of edges of level one + the number
edges of the path) in a single copy, r is the number of first
level vertives attached in one vertex of the path of the
lobster, s is the number of second level vertices attached in
one first level vertex of the lobster, k denotes the m™" vertex
in the cycle, i denotes the n" path of the lobster, g denotes
the s vertex of the lobster and h denotes the h™ vertex of the
lobster.

", %/gé

sy
ZSJ\ZAU\Q\\—\U\\XQ

Figure 1: The vertex in the first copy of the lobster

"), e 2

;o
(177~2) Vo

br(m-2)n/2)-17rs+12

Figure 2: The vertex in the second copy of the lobster
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Figure 4: Vertices in the last copy of the lobster

Figure 6: The graph G of Cycle with lobster

The vertex label of the cycle Cy, is given as:
o o 2¢-D-W-1D-2(N+Dk-1,
e 1<k<m/4
LW )=yq-1D-W-D -2+ Dk -1) -2,
: T+1<ism/2
sl uy’ f(u?) = (N+1)+2(N+1)(k-1), 1<k<m/2

The vertices in the path of the lobster, m is even are labeled

Figure 5: The vertices in the cycle C,, ?(a:]sedz&n)ihe parameter ‘N, “n”and ‘" as follows:
2i-1 -

(2-1)-(N-1D—-2(N+ 1Dk —-1)+
20 + DI = 1),
1Sis%1,1sks§
(2¢-1)-(N-1D—-2(N+1(k—-1)+
20+ DG - 1) =2,

n+l m m
2

1<i<s—,-+1<k<
2 4
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f(Uzia™) = (N+1)+2(N+1)(k-1)+2(r+1)(i-1),

1<i< (n+)/2, 1< k< m2
f(uz®) = (N+1)+2(N+1)(k-1)-2(r+1)(i-1),

1<i< (n-1)/2, 1< k< mi2

f(u2i2k):
Rgq-1D)-2(N+1D)k-1D-2r+ DI -1) —
2(N—-3)+2(r—2),
1<i<m+1)/2,1<k<m/4
Rg-D-2N+ Dk -1 -2r+ DI —-1) —
2(IN-3)+2(r—-2)-2,
1<i<m+1)/2,1<k<m/2

The vertex labels for level 1 of Lobster at u; is defined as
follows,

fag) = 2i, 1<gsr

f(asqg’) = f(ay')+4+(29-2), 1<g<r, 1<t<mn/2

fb,)) = (20-1)-2(g-1), 1<g<r

f(Ou+g’) = f(Dy')-4-2(0-1), 1< g<r,1<t< mn/d
f(bmnr/4+gl) = f(bmn/4)'6'2(g'1)’ 1< g <r

The vertex labels for level 2 of Lobster at a4 is defined as

follows, where a is even.

f(an?) = (29-1)-2(N+1)(k-1)+2(r+1)(i-1)-(N-3)+2(j-1)-
2-2(h-1), i=n/2,k=m/2

f(agssn’) = f(ag)-4-2(h-1), 1<g<r-1

f(arsen?) = f(ard)-2(rs+3)-2(h-1), 1 < h <5

f(aysen’) = f(ags)-2(rs+3)-2(h-1), 1<t < mn/2

The vertex labels for level 2 of Lobster at by is defined as
follows, where b is odd.
f(by?) = f(bpar2')+2(rs)+4+2(h-1), 1< h=<s
f(0gssr’) = f(bgD)+4+2(h-1), 1<h<s, 1<g<rl
f(bussn”) = f(bys)+2(rs+3)+2(h-1),

1<h<s, 1<t<mn/4
f(Osrrgyen) = fbsrag)+2(h-1)+4, 1<h<s 1<g<rl
1:(bsmnr/4 + h2) = f(bmnrs/42)+2(r5+3)+2(h'1)+2: 1< g <r
f(byssn’) = f(bys)+2(rs+3)+2(h-1), mn/d+s < t < mn/2

From the above equation it is clearly seen that the vertex
labels are distinct and edge get the odd labels from 1 to 2g-
1.Thus the graph G is odd graceful. Illustration of the graph
G isgivenin figure 7.

Ilustration:

When m=4, n=4, r=4, s=3, p=272, q=272
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Figure 7: Hlustration of the graph G

I1l. CONCLUSION AND FUTURE SCOPE

Thus we have proved that the graph G obtained by attaching
each vertex of the cycle C,, with the m isomorphic copies of
lobster graph is odd graceful where m =0(mod 4).

Further we are intended to prove that the graph G obtained
by attaching each vertex of the cycle C,, with the m arbitrary
copies of lobster graph is odd graceful where m =0(mod 4).

REFERENCES

[1] C. Barrientos, Odd-graceful labelings, preprint.

[2] J. A.Gallian, Electronics Journal of Combinatorics, (2017).

[3] Gnanajothi R.B., Ph. D. Thesis, Madurai
University,(1991).

[4] S. W. Golomb, How to number a graph, in Graph Theory and
Computing, R. C. Read, ed., Academic Press, New York (1972).

[5] D Morgan — All lobsters with perfect matching are odd graceful,
Electronic notes in Discrete Mathematics, (2002).

[6] M.l. Moussa, The International Journal on Application of Graph
Theory in Wireless Ad hoc Networks,2(2010).

[7]1 M.I. Moussa, Some simple algorithm for odd graceful labeling
graphs, proceed9th WSEAS Internat. Conf. Applied Informatics and
Communications (Al '09) August, 2009, Moscow, Russia.

[8] M. I. Moussa and E. M. Badr, Odd graceful labelings of crown
graphs, 1s Internat. Conf.

[9] A. Rosa, On certain valuations of the vertices of a graph, Theory of
Graphs (Internat. Symposium, Rome, July 1966), Gordon and
Breach, N. Y. and Dunod Pari (1967).

[10] Zhou, Yao, Chen and Tao a proof to the odd-gracefulness of all
lobsters, Ars Combin., (2012).

Kamaraj

62



International Journal of Computer Sciences and Engineering

Authors Profile

Mr. C T Lin pursed Bachelor of Science from University of
Taiwan, Taiwan in 2006 and Master of Science from
Osmania University in year 2009. He is currently pursuing
Ph.D. and currently working as Assistant Professor in
Department of Computational Sciences, Department of
Electronic and Communication, University of Taiwan,
Taiwan since 2012. He is a member of IEEE & IEEE
computer society since 2013, a life member of the ISROSET
since 2013, ACM since 2011. He has published more than 20
research papers in reputed international journals including
Thomson Reuters (SCI & Web of Science) and conferences
including IEEE and it’s also available online. His main
research work focuses on Cryptography Algorithms,
Network Security, Cloud Security and Privacy, Big Data
Analytics, Data Mining, 10T and Computational Intelligence
based education. He has 5 years of teaching experience and 4
years of Research Experience.

Mr C H Lin pursed Bachelor of Science and Master of
Science from University of New York, USA in year 2009.
He is currently pursuing Ph.D. and currently working as
Assistant Professor in Department of Telecommunication,
University of New York, USA since 2012. He is a member
of IEEE & IEEE computer society since 2013, a life member
of the ISROSET since 2013 and ACM since 2011. He has
published more than 20 research papers in reputed
international journals including Thomson Reuters (SCI &
Web of Science) and conferences including IEEE and it’s
also available online. His main research work focuses on
Cryptography Algorithms, Network Security, Cloud Security
and Privacy, Big Data Analytics, Data Mining, loT and
Computational Intelligence based education. He has 5 years
of teaching experience and 4 years of Research Experience.

© 2019, IJCSE All Rights Reserved

Vol. 7(5), Mar 2019, E-ISSN: 2347-2693

63



